Introduction
The construction of group ring elements that annihilate the ideal class groups of totally complex abelian extensions of Q is classical and goes back to work of Kummer and Stickelberger. A generalization to totally complex abelian extensions of totally real number fields was formulated by Brumer. Brumer's formulation fits into a more general framework known as the Brumer-Stark conjecture. We will verify this conjecture for a large number of examples belonging to an extended class of situations where the general status of the conjecture is still unknown. We assume throughout that k is a totally real basefield and K is a totally complex extension field, abelian over k. Let w K denote the number of roots of unity in K, m = [k : Q ], and G = Gal(K/k). We also let S = S(K/k) = {p ∞ denotes the archimedean prime corresponding to the ith embedding of k into R, and p 1 , . . . , p t are precisely the prime ideals in k that ramify in K. For each σ ∈ G, we define a corresponding partial zeta-function ζ S (s, σ) = σa=σ 1 Na s
where the sum is over all integral ideals a of k relatively prime to the ramified primes p 1 , . . . , p t and having the same Artin symbol (K/k, a) = σ a = σ. The infinite sum on the right side of (1) converges only for (s) > 1, but ζ S (s, σ) has a meromorphic continuation to all of C with exactly one (simple) pole at s = 1. In particular, ζ S (s, σ) is analytic at s = 0, and based upon work of Klingen [K] and Siegel [S] , we know that ζ S (0, σ) ∈ Q. A more refined result, due independently to Deligne and Ribet [DR] , Barsky [B] , and Cassou-Noguès [CN] , states that w K ζ S (0, σ) ∈ Z for every σ ∈ G. Based upon this, the group ring element
lies in Z [G] . Following Hayes [H1] , we refer to γ as the Brumer element of the extension K/k. The "anti-units" of K, denoted by K • , are the elements α ∈ K × having absolute value one at all archimedean primes of K. Let B be an arbitrary fractional ideal in K. We may now state the
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Brumer-Stark Conjecture: There exists an anti-unit α ∈ K • such that (α) = B γ and K(α 1/w K ) is abelian over k. Brumer originally conjectured that γ annihilates the ideal class group of K (i.e. that B γ is always principal). The additional feature that an anti-unit generator of the principal ideal B γ can be found whose w K th root generates an abelian extension over k is due to Stark.
Before describing our computations, we first give a brief summary of the present state of the conjecture. The Brumer-Stark conjecture has already been proved in the following cases.
(i) If k = Q , using Stickelberger's Theorem (see [T2] , p. 109).
( Wiles made very important progress towards proving Brumer's part of the conjecture in [W] . For each prime p, he formulated a sub-conjecture for the p−part of the ideal class group of K, and showed that Brumer's conjecture follows if the sub-conjecture can be proven for every prime p. Following Wiles, Greither [G] has identified a large class of "nice" extensions and has proved that in these extensions the Brumer element annihilates the p−part of the ideal class group of K for all odd primes p. Working under these same restrictions, Popescu [P] has used Greither's results to deduce Stark's part of the conjecture as well. The prime 2 presents special difficulties because all of these results rely upon the Main Conjecture of Iwasawa Theory in a crucial way. Based upon this summary, we can describe the first general class of situations still unproven. The smallest basefield k would be real quadratic by (i). Since 2 always divides the relative degree [K : k] , the smallest unproven case would be where G ∼ = Z 4 by (ii) and (iii). Therefore [K : Q ] = 8, and we restrict ourselves to those fields K whose class number exceeds one (by (iv)) and where K is non-Galois over Q (by (v) and (i) and (vi) combined). The suggestion that this particular class of situations be studied numerically was already made by Tate in 1981 ([T1] , p. 15), but a serious computational study has only become feasible in recent years with the availability of packages such as PARI/GP [BBBCO] and KANT [DFKPRSW] . We present our computations according to the following plan. In section 2, we describe a simple method that produces an abundant supply of totally complex Z 4 extensions over any totally real basefield. Section 3 contains our algorithm for computing the Brumer element γ, which is uniformly applicable over any totally real basefield. Section 4 gives a description of the computations required to verify the Brumer-Stark conjecture. Finally, a detailed example is presented in section 5, and section 6 contains tables and comments summarizing our computations.
2 Generating Z 4 extensions
The following theorem appears in a paper of Nagell [N] . Let k be an arbitrary basefield. Nagell proves (Thm. 3, p. 351) that any cyclic Z 4 extension over k can be generated by a root β of the form b(1 + c 2 + √ 1 + c 2 ) where b, c ∈ k. For our purposes, we assume k is a totally real number field and we can ensure that K = k(β) is totally complex by choosing b = −1. The quartic polynomial that
Let c ∈ O k , and assume that 1 + c 2 / ∈ k 2 . Then f (x) will be irreducible over k[x] by Theorem 2 of [KW] and any root of f (x) will generate a totally complex Z 4 extension K over k (see Thm. 3(ii) of [KW] ).
Computation of the Brumer element
With a relative extension K/k defined by an irreducible polynomial f (x) as in section 2, one can use the tools of a computer package (we used PARI/GP) to compute the number of roots of unity w K , and the relative discriminant d(K/k). The primes p 1 , . . . , p t dividing d(K/k) are exactly the finite primes appearing in the set S. The only real task remaining in the computation of the Brumer element is the calculation of ζ S (0, σ). Given σ ∈ G, we need a nice characterization of all integral ideals a relatively prime to d(K/k) which have Artin symbol σ a = σ. A beautiful characterization is provided by the Artin Reciprocity Law [Ha] which is most elegantly formulated in terms of the conductor f(K/k) of the extension K/k. The conductor of a totally complex abelian extension of a totally real number field has the form
where f is an integral ideal in k which has the exact same prime divisors as d (K/k) . With respect to the modulus f(K/k), we obtain a partition of all fractional ideals in k relatively prime to f into a finite number of classes. These classes form an abelian group, called the ray class group mod f(K/k), and denoted by G(f(K/k)). In general, several classes will correspond to a single automorphism σ ∈ G via the Artin map, and ζ S (s, σ) is formed by summing over exactly the integral ideals in these classes. Even with this problem solved, we still need to analytically continue ζ S (s, σ) in order to compute it at s = 0. The best known method to date is to decompose ζ S (s, σ) into a finite sum of "sector zetafunctions" and find an analytic continuation of these latter functions. Shintani [Sh] accomplished this over any totally real basefield and found an explicit evaluation of the sector zeta-functions at s = 0 in terms of Bernoulli polynomials. The resulting formulas, as they stand, are impractical from an algorithmic point of view. On the other hand, one can use Shintani's evaluations in conjunction with a geometric method involving "convexity polygons" to obtain an efficient algorithm over a real quadratic basefield [H1] . This method can be generalized to any totally real basefield k of degree m over Q by taking the convex closure of a set of lattice points in R m . Because of the resulting geometric complications, this method already has serious problems from an algorithmic standpoint when m = 3 (see [Kh] , p. 276).
We use an alternate method which relies upon the decomposition of ζ S (s, σ) into a sum of L-functions. The analytic continuation of the latter type of function is classical and dates back to Hecke. Recently, a very efficient method to compute L-function values has been used to test a related conjecture of Stark ( [DST] , [Ro] ). We use this method here, which is based upon a formula due independently to Lavrik [L] and Friedman [F] . The relevant L-functions are defined from characters χ :
× on the ray class group mod f(K/k). A given character will have a conductor of the form f(χ) = f χ f χ,∞ , where f χ is an integral ideal dividing f, and f χ,∞ is a formal product of archimedean primes taken from the set {p
∞ }. We always work with the primitive version of χ (still denoted by χ), which is defined on the ray class group mod f(χ). The corresponding L-function is defined by
with the product taken over all prime ideals in k relatively prime to f χ . If we multiply L(s, χ) by the Euler factors corresponding to primes that divide f but not f χ (there are potentially no such primes), we obtain a related function denoted by L S (s, χ). Class field theory gives a correspondence (discussed in greater detail below) between a particular subset X K of characters on G(f(K/k)) and the abelian extension K/k. In fact, the characters in X K form a group that is isomorphic to Gal(K/k). The decomposition of ζ S (s, σ) into a sum of L-functions mentioned above is
where a is any ideal relatively prime to f such that σ a = σ. All of the L-functions defined above have meromorphic continuations to the whole complex plane and all are analytic in particular at s = 0. Let r(χ) denote the order of the zero of the function L(s, χ) at s = 0.
Proof. We refer to [DT] for the basic facts used here. For the trivial character, f χ 0 ,∞ = 1 and r(χ 0 ) = m − 1 which is greater than 0 by assumption. If χ is non-trivial, then r(χ) = m − q, where q is the number of archimedean primes in the formal product f χ,∞ .
If L(0, χ) = 0 for a given χ, then clearly L S (0, χ) = 0 as well. We will have L(0, χ) = 0 for at least half of the characters in X K and so the following restriction is important. Let X K,∞ denote the subset of characters χ ∈ X K such that
∞ . Then equation (3) specializes to
In the following discussion, we focus on a fixed character χ ∈ X K,∞ . Before we can give the Lavrik-Friedman formula for the non-zero complex number L(0, χ), we need a few preliminary definitions. Let A χ = d k Nf χ /π m , where d k is the discriminant of the field k and Nf χ is the norm of the integral ideal f χ . Let a n (χ) denote the finite sum χ(a) taken over all integral ideals a of norm n that are relatively prime to f χ . Finally, let
for any δ > 1. Then (see equations (4) and (5) of [DT] )
where W (χ) is a complex number of absolute value one known as the "Artin root number" of χ. Let Y χ denote the set of primes dividing f but not f χ . If there exists a prime p ∈ Y χ such that χ(p) = 1, then L S (0, χ) = 0. Otherwise
We would like to point out that Louboutin [Lo] has arrived at an equivalent form of equation (5) independently and has used it to compute relative class numbers of CM-fields. He actually gives a formula for L(1, χ), but the two values are related by L(0, χ) = π −m/2 W (χ)A χ L(1, χ) via the functional equation. Using equation (5), we can approximate L(0, χ) to any desired degree of accuracy by taking enough terms. We refer to [Lo] for detailed error bounds. The root number W (χ) is a finite sum with φ(f χ ) terms. We refer to [DT] and [Lo] for its computation.
The method we have described thus far to compute ζ S (0, σ) is applicable to any totally complex abelian extension K over a totally real field k. Throughout the remainder of this section we will assume that G ∼ = Z 4 . Since G ∼ = Z 4 , there is a ray class group character χ of order 4 corresponding to K/k, whose conductor f(χ) is equal to f(K/k). The conductor of the trivial character χ 0 is of course 1. The conductors of the two characters χ 1 = χ and χ 3 = χ 3 are equal since they are conjugate to each other. The conductor of the character χ 2 = χ the relative quadratic extension k = k( √ 1 + c 2 )/k. The conductor-discriminant formula [Ha] gives us the relation d(K/k) = d(k /k)f 2 and thus an immediate determination of f. We can now compute G(f (K/k) ), but we still have to identify the exact set of characters X K = {χ 0 , χ 1 , χ 2 , χ 3 } corresponding to the extension K/k. To do this, we need to generate a subgroup of index 4 using relative norms. Based upon the following result of Bach and Sorenson [BS] (which assumes the ERH), we don't have to work too hard. Let
and let T denote the set of prime ideals in k of degree 1 over Q not dividing f and having norm ≤ C. Let H be the subgroup in G(f(K/k)) generated by the ideals p fp , where p runs through T and f p denotes the residue degree of p in
: H] = 4 and the four characters on G(f(K/k)) which are trivial on H make up the set X K . We have
we finally obtain
from equation (4). Recalling that w K ζ S (0, σ) ∈ Z, we just need to compute L(0, χ 1 ) to high enough accuracy to determine the integer on the right side of (6). Even though we haven't made a detailed comparison between our method and the method in [H1] , we believe that our method performs equally well when m = 2 and certainly much better when m > 2.
The Numerical Verification of the Conjecture
We begin with Proposition 2. Let B 1 , . . . , B s be a system of Z [G] -generators of the ideal class group of K. Then the Brumer-Stark conjecture is true for every fractional ideal B in K if and only if it is true for each ideal B i with 1 ≤ i ≤ s.
Proof. This is a direct consequence of the properties of the subgroup of fractional ideals verifying the Brumer-Stark conjecture (see [T1], p. 7).
Thus, it is enough to verify the conjecture for a finite set of ideals B i , 1 ≤ i ≤ s. Furthermore, a system of Z [G] -generators can easily be extracted from a system of ideals that generate the ideal class group over Z.
To prove that a given fractional ideal B in K verifies the Brumer-Stark conjecture we proceed as follows. We first compute the ideal B γ and its class in the class group. If it is not principal, then the conjecture is false. Otherwise, we compute a generator β of B γ . In general, this generator is not an anti-unit and requires modification. If an anti-unit generator α exists, then we have α = εβ for some unit ε of K. The unit ε is determined using the process described below.
We assume that G ∼ = Z 4 = < σ > and [k : Q ] = 2 throughout the remainder of this section. Let K → K (i) ⊂ C, i = 1, 2, 3, 4 be four non complex conjugate embeddings. For α ∈ K, let |α| i = |α (i) | 2 be the normalized absolute value. Consider the classical logarithmic embedding
The anti-units are contained in the kernel of λ, and if α exists then
Let || · || be the Euclidean norm on R 3 and let b be the minimal non-zero norm ||λ(u)|| where u ranges through the units of K. Then the unit ε, if it exists, is the unique unit (up to some root of unity in K) satisfying
This unit can be found using computation with real numbers, however once it is found, we still need to check that α possesses the required properties. The following proposition allows us to verify that α is an anti-unit. Proof. The automorphism σ 2 is the unique complex conjugation of the extension K/k, thus |α| i = |α Since ε is unique up to a root of unity in K, so is α. Therefore, the condition that K(α 1/w K ) generates an abelian extension over k does not depend upon the choice of α. The next proposition allows us to verify this condition. We first note that w K = 2 for all of the fields suggested by Tate for study (see Introduction). To see this, let L be the field generated over Q by the roots of unity contained in K. If w K > 2, then Lk is a totally complex sub-extension of K/k. Therefore Lk = K and K/Q is abelian, which gives a contradiction.
Proof. This follows directly from Prop. 1.2, p. 83 of [T2] .
Note that all of the required computations are done with exact objects and therefore give a complete verification of the Brumer-Stark conjecture for all of the examples tested and not just a verification up to the precision of the computation! Since the prime 2 seems to play a special role in the conjecture, we make the following definition. We call the maximum power of 2 that can be factored out of the Brumer element γ the "2-part of γ". We have actually tested the conjecture in such a way as to see how much of the 2-part of γ is really needed. More precisely, let 2 e be the 2-part of γ. We have searched for the smallest non-negative integer i such that the conjecture is true with γ replaced by 2
i−e γ. These results are described in the last section.
An example
Let k = Q( √ 2) and let K be the field generated by the polynomial (2) with
∞ , where p 2 = ( √ 2) is the unique prime ideal above 2 and p 17 = (1 + 3 √ 2) is one of the two prime ideals above 17. The field K is generated over Q by an algebraic integer θ satisfying
The field K is not Galois over Q and its class group is isomorphic to Z 20 × Z 2 . Moreover, its class group is generated over Z [G] by the class of the ideal
The Galois group G of the extension K/k is generated by the automorphism σ : θ → 1 567 5θ 7 + 235θ 5 + 2978θ 3 + 8935θ .
We compute the Brumer element and find that
We start by testing γ/8, but the ideal B γ/8 1 is not principal. Next, we look at the ideal B γ/4 1 which is principal, and using the method described in the previous section we find that it is generated by the anti-unit α = 1 5103 110θ 7 + 98θ 6 + 4036θ 5 + 3724θ 4 + 28346θ 3 + 29288θ 2 + 53056θ + 63679 .
However, the algebraic number α σ−1 is not a square in K, so the condition in Proposition 4 is not satisfied. Finally, it is clear that all the conditions are satisfied for γ/2. Theorem 1. The Brumer-Stark conjecture is true for this extension, it is even true if one replaces the Brumer element γ by γ/2.
Tables and Summary
We used the quartic polynomial (2) with k ranging through the real quadratic fields of discriminant ≤ 500 and c ranging through the algebraic integers in k of T 2 -norm ≤ 200 with 1 + c 2 ∈ k 2 . Discarding the fields K obtained in this way that have class number one, are Galois over Q , or have discriminant ≥ 10 18 , and keeping only non-isomorphic fields, we end up with a list of 379 fields. The Brumer-Stark conjecture has been tested for each of these field extensions using the package PARI/GP [BBBCO] .
Theorem 2. The Brumer-Stark conjecture is true for all 379 field extensions listed in the tables below.
In the following tables, we list the discriminants d of the real quadratic fields considered and the corresponding elements c. We
Values of c 5 1 + ω, 2 + ω, 3 + ω, 4 + ω, 5 + ω, 6 + ω, 2ω, 1 + 2ω, 2 + 2ω, 3 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 8 + 2ω, −1 + 3ω, 3ω, 1 + 3ω, 2 + 3ω, 3 + 3ω, 4 + 3ω, 5 + 3ω, 6 + 3ω, −1 + 4ω, 4ω, 1 + 4ω, 2 + 4ω, 3 + 4ω, 4 + 4ω, 5 + 4ω, 6 + 4ω, −2 + 5ω, −1 + 5ω, 5ω, 1 + 5ω, 2 + 5ω, 3 + 5ω, 4 + 5ω, 5 + 5ω, −2 + 6ω, −1 + 6ω, 6ω, 1 + 6ω, 2 + 6ω, 3 + 6ω, 4 + 6ω, 7ω, 1 + 7ω, 2 + 7ω, −2 + 8ω, 8ω 8 2 + ω, 3 + ω, 4 + ω, 5 + ω, 6 + ω, 7 + ω, 8 + ω, 1 + 2ω, 2 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 7 + 2ω, 8 + 2ω, 9 + 2ω, 1 + 3ω, 2 + 3ω, 3 + 3ω, 4 + 3ω, 5 + 3ω, 6 + 3ω, 7 + 3ω, 8 + 3ω, 9 + 3ω, 1 + 4ω, 2 + 4ω, 3 + 4ω, 4 + 4ω, 5 + 4ω, 6 + 4ω, 7 + 4ω, 8 + 4ω, 1 + 5ω, 2 + 5ω, 3 + 5ω, 4 + 5ω, 5 + 5ω, 6 + 5ω, 1 + 6ω, 2 + 6ω, 3 + 6ω, 4 + 6ω, 5 + 6ω 12 3 + ω, 4 + ω, 5 + ω, 6 + ω, 7 + ω, 8 + ω, 9 + ω, 1 + 2ω, 2 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 7 + 2ω, 8 + 2ω, 1 + 3ω, 2 + 3ω, 3 + 3ω, 4 + 3ω, 5 + 3ω, 6 + 3ω, 7 + 3ω, 8 + 3ω, 1 + 4ω, 2 + 4ω, 3 + 4ω, 4 + 4ω, 5 + 4ω, 6 + 4ω, 7 + 4ω, 1 + 5ω, 2 + 5ω, 3 + 5ω, 4 + 5ω, 5 + 5ω 13 ω, 1 + ω, 2 + ω, 3 + ω, 4 + ω, 5 + ω, 8 + ω, 2ω, 1 + 2ω, 2 + 2ω, 3 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 3ω, 1 + 3ω, 2 + 3ω, 3 + 3ω, 4 + 3ω, 5 + 3ω, 2 + 4ω, 4 + 4ω 17 ω, 1 + ω, 2 + ω, 3 + ω, 4 + ω, 5 + ω, 2ω, 1 + 2ω, 2 + 2ω, 3 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 8 + 2ω, 2 + 3ω, 3 + 3ω, 4 + 3ω, 5 + 3ω, 6 + 3ω, 2 + 4ω 21 ω, 1 + ω, 2 + ω, 3 + ω, 4 + ω, 2ω, 1 + 2ω, 2 + 2ω, 3 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 3ω, 5 + 3ω, 2 + 4ω 24 1 + ω, 2 + ω, 3 + ω, 4 + ω, 5 + ω, 6 + ω, 9 + ω, 1 + 2ω, 2 + 2ω, 3 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 7 + 2ω, 8 + 2ω, 5 + 3ω, 6 + 3ω 28 1 + ω, 3 + ω, 4 + ω, 5 + ω, 6 + ω, 8 + ω, 1 + 2ω, 2 + 2ω, 3 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 7 + 2ω, 8 + 2ω, 2 + 3ω, 4 + 3ω, 5 + 3ω, 6 + 3ω 29 ω, 1 + ω, 2 + ω, 3 + ω, 4 + ω, 6 + ω, 2ω, 2 + 2ω, 3 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 3 + 3ω 33 ω, 1 + ω, 2 + ω, 3 + ω, 4 + ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 7 + 2ω 37 ω, 1 + ω, 2 + ω, 3 + ω, 4 + ω, 4 + 2ω, 5 + 2ω, 6 + 2ω 40 1 + ω, 2 + ω, 3 + ω, 4 + ω, 5 + ω, 1 + 2ω, 2 + 2ω, 3 + 2ω, 4 + 2ω, 5 + 2ω, 6 + 2ω, 7 + 2ω, 3 + 3ω 41 ω, 1 + ω, 2 + ω, 3 + ω, 4 + ω, 7 + ω, 2 + 2ω, 4 + 2ω, 6 + 2ω hal-00863022, version 1 -19 Sep 2013 
